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We show that Floquet engineering with circularly polarized light (CPL) can selectively split the
valley degeneracy of a twisted multilayer graphene (TMG), and thus generate a controlled valley-
polarized Floquet Chern flat band with tunable large Chern number. It offers a feasible optical way
to manipulate the valley degree of freedom in moire´ flat bands, and hence opens new opportunities
to study the valleytronics of morie´ flat band systems. We thus expect that many of the valley-related
properties of TMG, e.g. orbital ferromagnetism, can be switched by CPL with proper doping. We
reveal a Chern number hierarchy rule for the Floquet flat bands in a generic (M+N)-layer TMG.
We also illustrate that the CPL effects on TMG strongly rely on the stacking chirality, which is an
unique feature of TMG. All these phenomena could be tested in the twisted double bilayer graphene
systems, which is the simplest example of TMG and has already been realized in experiment.
Introduction.— The topological flat bands in twisted
multilayer graphene (TMG) have drawn great reasearch
interest very recently, because that a Chern flat band
is believed to be a promising platform to realize frac-
tional Chern insulator and may harbour novel correlation
states [1–26]. The most generic situation is a (M+N)-
layer TMG, where two ABC-stacked multilayer graphene
(MG) are stacked on top of each other with a small twist
angle [8]. Twisted double bilayer graphene (TDBG) is
the simplest example, i.e., the case of M = 2, N = 2, and
has already been realized in experiment [1–4]. In TMG,
a pair of flat bands are formed around the magic angle,
which locate at two inequivalent valleys in momentum
space. The two flat bands can be isolated by a vertical
electric field and have nonzero valley Chern numbers [5–
10]. The topological flat band is an unique feature of
TMG. Another special characteristic of TMG is that it
has a new degree of freedom, i.e. the stacking chirality.
For example, in TDBG, the AB-AB and AB-BA configu-
rations have distinct stacking chirality arrangement, but
very similar band structures [5–8]. Neither the isolated
topological flat band nor the stacking chirality is present
in the celebrated twisted bilayer graphene (TBG).
However, the total Chern number of the topological
flat bands in TMG is always zero due to time reversal
symmetry[6–8]. A possible improvement is via Floquet
engineering using circularly polarized light (CPL), which
can break time reversal symmetry and effectively produce
non-equilibrium topological phases [27–36]. Intriguingly,
several recent works illustrated that CPL irradiation can
give rise to isolated Floquet flat bands with nonzero total
Chern number in TBG [37–40], which offers an attrac-
tive platform to realize the so-called “Floquet fractional
Chern insulator” [41]. It is natural to expect that CPL
may induce more complicated and interesting phenomena
in TMG, due to its complex structure and novel topolog-
ical properties. More interestingly, in valleytronics, CPL
is a rather effective way to manipulate the valley degree of
freedom in honeycomb lattices, such as bilayer graphene,
MoS2, etc [42–50]. Thus, whether the CPL is able to give
rise to some valley-related phenomena in TMG is also a
worthwhile question, since the studies about how to ma-
nipulate the valley degree of freedom of moire´ flat bands
is still rare.
In this work, we study the CPL irradiation induced
Floquet-Bloch band sturctures of the TMG systems. We
show that, near the charge neutrality point, TMG always
has two isolated Floquet Chern flat bands in the presence
of CPL irradiation. Most importantly, we find that with
the help of CPL irradiation, we can selectively split the
valley degeneracy of TMG, and thus generate an opti-
cal controlled valley-polarized Floquet Chern flat band
with tunable large Chern number. We reveal the Chern-
number hierarchy rules of the Floquet flat bands in the
(M+N)-layer TMG, which strongly relies on the stacking
chirality of TMG. An intuitive explanation about why
the TMG with different stacking chirality have distinct
responses to CPL is also given. Since CPL is able to con-
trol the valley polarization of the Floquet flat bands in
TMG, we expect that many of the valley-related proper-
ties of TMG [22], like orbital ferromagnetism, quantum
anomalous hall effect, magneto-optical and nonlinear op-
tical propertieis, can be switched by CPL. Our work thus
opens up new opportunities to study the valleytronics of
moire´ flat bands.
Models.—We consider a (M+N)-layer TMG in the
presence of CPL irradiation. In Figs. 1(a) and 1(b), we
first illustrate the two distinct stacking chiralities of the
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FIG. 1. (a) and (b) are respectively the schematics the chirally
stacked MGs with η = ±1 stacking chirality. Here, A2 means
A site in layer 2, and so on. (c) Brillouin-zone (BZ) of the top
(M-layer, red) and bottom (N-layer, blue) MGs. The black
hexagon represent the morie´ Brillouin-zone (mBZ) of TMG.
(d) A larger version of mBZ. (e) and (f) illustrate the valley
chirality of the MGs for each moire´ valley. The case when two
MGs have the same stacking chirality, like AB-AB TDBG, is
given in (e); while (f) is for the opposite case, e.g. AB-BA
TDBG.
ABC-stacked MG [51–53], where the ABC (CBA) con-
figuration is denoted as η = 1 (η = −1). Here, η is the
index of stacking chirality. Thus, TMG can be divided
into two categories: s-TMG where two MGs have same
stacking chirality (like AB-AB TDBG) and o-TMG with
opposite stacking chirality (like AB-BA TDBG).
We consider the TMG with small twist angle θ near the
first magic angle [6–8, 54–56]. The corresponding moire´
Brillouin zone (mBZ) (black lines) is given in Fig. 1 (c),
where red (blue) line is the BZ of the top M-layer (bottom
N-layer) MG. We see that the two MGs give a pair of K
valley (KM and KN ) and a pair of K
′ valley (K ′M and
K ′N ). Meanwhile, the moire´ interlayer hybridization only
mix the adjacent two valleys near either K or K ′, while
the interaction between distant valleys are tiny. Thus,
valley is also a good quantum number of TMG, which
are denoted as K (τ = +1) and K ′ (τ = −1) moire´
valley. Here, τ is the moire´ valley index.
A notable feature is the chirality of MG valleys, which
will significantly influence the CPL effects as shown later.
We know that the two inequivalent valleys in MG have
opposite chirality, which also rely on its stacking chirality.
Without loss of generality, we fix the stacking chirality of
the top M-layer MG to be η = +1 and define the chirality
of its K valley as “+”, which is denoted as K+M . Then,
for the s-TMG, the moire´ valley K (K ′) is composed of
K+M and K
+
N (K
′−
M and K
′−
N ) , as shown in Fig. 1 (e). In
contrast, moire´ valley K (K ′) of the o-TMG corresponds
to K+M and K
−
N (K
′−
M and K
′+
N ), see Fig. 1 (f).
We assume a normal incident CPL, which is described
by a vector potential A(t) = A0(cos Ωt, ξ sin Ωt). Here,
ξ = −1 (ξ = +1) represents a left (right) CPL, and A0,
Ω are the amplitude and frequency, respectively. The
time dependent Hamiltonian of the irradiated (M+N)-
layer TMG in K valley is
Hη,η
′
K,M+N (t) =
(
HηK,M (t) T
T† Hη
′
K,N (t)
)
+ U, (1)
where HηK,M (t) and H
η′
K,N (t) describe the top and bot-
tom MGs, respectively. T represents the moire´ interlayer
hopping, and U models the gate induced potential differ-
ence between layers. Specifically,
HηK,M =

h0(t) hη 0 · · ·
h†η h0(t) hη · · ·
0 h†η h0(t) · · ·
...
...
...
. . .
 , (2)
where h0(t) = vFσ · [−i~∇+ eA(t)] is the Hamilto-
nian of monolayer graphene in K valley. The stack-
ing chirality is reflected in the interlayer hopping ma-
trix hη, where hη=+ =
(
0 0
t⊥ 0
)
and hη=− = h
†
+ with
t⊥ being the nearest neighbor interlayer hopping. T =
EM×N ⊗ T (r), EM×N is a M ×N matrix with only one
nonzero entry EM×N (M, 1) = 1. T (r) =
∑3
n=1 Tne
−iqn·r
is the twist tunneling matrix of TMG, where qn+1 =
kθ(sin nφ,− cos nφ), φ = 2pi/3, kθ = 2kD sin(θ/2), see
in Figs. 1 (c) and (d). Tn+1 = wAAσ0 +wAB(σx cosnφ+
σy sinnφ), where wAA (wAB) represents the tunneling
amplitude of the intra- (inter-) sublattice. U = diag(M−
1
2 , · · · , 12 ,− 12 , · · · ,−N+ 12 )⊗∆Eσ0, where ∆E is the gate
induced potential difference between adjacent layers.
In high frequency limit, according to the Floquet band
theory, a reasonable approximation is to expand the time
dependent Hamiltonian in Eq. (1) to the first order of 1/Ω
[32, 33],
HF,η,η
′
K,M+N = H
(0),η,η′
K,M+N + ∆ΩIM+N ⊗ σz + U, (3)
where H
(0),η,η′
K,M+N is the TMG Hamiltonian without irradi-
ation. An important message is that the CPL give rise
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FIG. 2. Floquet band structures of the AB-BA TDBG at
θ = 1.05◦. (a) Left CPL with ∆Ω = 4 meV, ∆E = 0 meV.
(b) Right CPL with ∆Ω = −4 meV, ∆E = 0 meV. (c) Left
CPL with ∆Ω = 4 meV, ∆E = 3.5 meV. (d) Left CPL with
∆Ω = 4 meV, ∆E = −3.5 meV.
to an additional mass term in Eq. (3). Here, IM+N is an
identity matrix of order M+N and ∆Ω = ξ(evFA0)
2/~Ω.
The parameters for the MG used in this article is
adapted from Ref. [7] and we record them here for con-
venience: t0 ≡ 2~vF /
√
3a0 = −3.1 eV is the intra-
layer nearest neighbour hopping with a0 = 2.46 A˚ and
vF ≈ 1.0× 106 m/s; wAB = 0.12 eV, wAA = 0.098 eV and
t⊥ ≈ 3wAB = 0.36 eV. For a 4 meV ∆Ω with photon
energy ~Ω = 1.5 eV [39], the electrical field strength of
the CPL is about 1.76× 103 KV/cm and the intensity is
about 4.11 × 109 watt/cm2, which should be feasible in
experiments with ultrafast laser technique [57, 58].
Floquet Chern flat bands in TDBG.—We take the
TDBG as a paradigm to illustrate the CPL effects on
TMG. We first discuss the case of AB-BA TDBG, as
an example of o-TMG. The most remarkable result is
that it has two separated and valley-split Floquet Chern
flat bands with nonzero total Chern number. Figs. 2 (a)
and 2 (b) show the Floquet band structures of AB-BA
TDBG at θ = 1.05◦ around the first magic angle under
left and right CPL, respectively. In each moire´ valley,
we have two nearly flat bands near the charge neutrality
point, which are separated by a gap about 1.5 meV. Note
that the gap is due to the applied CPL and can be in-
creased with larger ∆Ω, while in pristine TDBG the two
flat bands are touched at the Ks and K
′
s points [marked
in Fig. 1(d)]. The energy of the two Floquet flat bands
are valley-dependent. As shown in Fig. 2(a), with left
CPL, the valence band in the moire´ K ′ valley (red dashed
lines) is lower than that in the K valley (blue solid lines).
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FIG. 3. Floquet band structures of the AB-AB TDBG at
θ = 1.05◦. (a) Left CPL with ∆Ω = 4 meV, ∆E = 0 meV.
(b)Right CPL with ∆Ω = −4 meV, ∆E = 0 meV. (c) Left
CPL with ∆Ω = 4 meV, ∆E = 4.5 meV. (d). Left CPL with
∆Ω = 4 meV, ∆E = −4.5 meV.
The case becomes opposite when a right CPL is applied,
see Fig. 2 (b). It means that, in AB-BA TDBG, a valley-
polarized flat band can be selectively generated by CPL
with different polarization. Meanwhile, these flat bands
are topologically nontrivial, for which the valley Chern
number and the total Chern number are both nonzero.
For example, in Fig. 2(a), the valley Chern numbers of
the valence band in K and K ′ valleys are CKLv = 1 and
CK
′
Lv = 3, respectively. Thus, the total Chern number of
the valence band is CtotLv = C
K
Lv +C
K′
Lv = 4. The nonzero
total Chern number is allowed here since time reversal
symmetry is broken by CPL. If the polarization of CPL
is changed, the total Chern number changes sign, see
Fig. 2(b). The topological properties of the flat bands
can be further adjusted by a gate-induced perpendicular
electric field represented by ∆E . In Figs. 2(c) and 2(d),
with ∆E = ±3.5 meV, the valley Chern numbers in both
valleys change.
As shown in Fig. 1 (f), the moire´ K (K ′) valley of
o-TMG is formed by mixing two opposite chirality MG
valleys K+M and K
−
N (K
′−
M and K
′+
N ). Specifically, the
states at Ks point are mainly formed by electrons from
the positive chirality MG valleys, while that at K ′s point
are from negative chirality MG valleys. We know that,
for irradiated MG, the CPL induced mass terms have
opposite sign in the two valleys depending on their chi-
rality, while the gate voltage induced one have the same
sign [59, 60]. Hence, CPL induced mass term have op-
posite sign at Ks and K
′
s, while that induced by electric
field have the same sign. Consequently, due to the com-
4petition between ∆Ω and ∆E , when gradually increasing
the gate voltage, ∆E > 0 for example, the gap at Ks
point enlarges, while the gap at K ′s point first diminishes
and then reopens, resulting in the valley Chern numbers
change in both moire´ valley and the imbalanced gaps
open at Ks and K
′
s points.
Now, we turn to the case of AB-AB TDBG, i.e. an ex-
ample of s-TMG. First, with only CPL, we cannot split
the valley degeneracy. The Floquet bands of AB-AB
TDBG under left and right CPL are shown in Figs. 3(a)
and 3(b), respectively. With left (right) CPL, we get two
separated Floquet flat bands with CKLc = −2, CKLv = 2
(CKRc = 2, C
K
Rv = −2), etc. There are two obvious differ-
ences between the AB-AB and AB-BA cases. One is that
the energy of flat bands in two moire´ valleys are mixed in
the AB-AB situation, and the other is that their corre-
sponding valley Chern numbers are different. However,
the total Chern number of the conduction or valance flat
bands are the same, e.g. CtotLv = 4 as in Fig. 3(a) and Fig.
2(a).
Interestingly, the valley degeneracy in AB-AB TDBG
can be further lifted by an additional vertical electric
field. In Fig. 3(c), we apply a left CPL (∆Ω = 4 meV)
and a perpendicular electric field (∆E = 4.5 meV). The
applied electric field induces a valley-dependent energy
shift, and now the valence band in K valley is lower
than that in K ′ valley. In contrast, when we reverse
the direction of electric field, the valence band in the K ′
valley has lower energy, see in Fig. 3(d). So, in the AB-
AB TDBG, we can also selectively get a valley-polarized
Floquet Chern flat band via the combination effect of
CPL and vertical electric field. The electric field can
also change the valley Chern number, see in Figs. 3(c)
and 3(d). For example, with large enough positive ∆E
[Fig. 3(c)], the valley Chern numbers in K valley is invari-
ant, while that of the K ′ valley is changed. Consequently,
the total Chern number of each flat band becomes zero,
which indicates a transition from quantum anomalous
hall state to quantum valley hall state.
As shown in Fig. 1(e), for the s-TMG, the K morie´
valley is formed by the K+M and K
+
N MG valleys, while
K ′ moire´ valley is formed by K
′−
N and K
′−
M . So, with
similar reason as before, the mass term induced by CPL
now will be opposite in sign for the two morie´ valleys, and
the electrical field induced one have the same sign at the
two morie´ valleys. When gradually increasing the gate
voltage, the gap at one morie´ valley further increases and
the gap at the other first diminishes and then reopens,
resulting in the moire´-valley-contrasting gap and the val-
ley Chern number change only in one morie´ valley. We
see that the valley polarization mechanisms for o-TMG
and s-TMG are different, and their different responses to
CPL are caused by the interplay between the valley se-
lective nature of CPL and the stacking chirality induced
distinct MG valleys combination.
A valley-polarized flat band has many novel features,
such as orbital ferromagnetism, magneto-optical effect,
etc [22]. Now, we have demonstrated that the valley po-
larization in TMG can be selectively generated by Flo-
quet engineering with CPL, so that many of these novel
properties may be controlled by CPL irradiation. For
example, we predict that CPL is able to generate and
switch orbital ferromagnetism in TMG. Meanwhile, we
anticipate that if superconductivity is formed, it may fa-
vor an exotic FFLO states [61, 62].
TABLE I. Valley Chern numbers of the (M+N)-layer TMG.
The upper part is for s-TMG and lower part is for o-TMG.
M N CKLc C
K
Lv C
K′
Lc C
K′
Lv C
K
Rc C
K
Rv C
K′
Rc C
K′
Rv
2 2 -2 2 -2 2 2 -2 2 -2
2 3 -2 3 -3 2 3 -2 2 -3
3 3 -3 3 -3 3 3 -3 3 -3
2 4 -2 4 -4 2 4 -2 2 -4
M N -M N -N M N -M M -N
2 2 -3 1 -1 3 1 -3 3 -1
2 3 -4 1 -1 4 1 -4 4 -1
3 3 -5 1 -1 5 1 -5 5 -1
2 4 -5 1 -1 5 1 -5 5 -1
M N -M-N+1 1 -1 M+N-1 1 -M-N+1 M+N-1 -1
Floquet Chern flat bands of (M+N)-layer TMG.—The
main features of the Floquet flat bands in a general
(M+N)-layer TMG are quite like that in TDBG, i.e. two
separated Chern flat bands near the fermi level. It is be-
cause that all the ABC-stacked MGs have similar band
structure. Most importantly, the CPL induced valley
splitting is valid for all the TMGs. The main difference is
the topological features of the Floquet flat bands. Here,
we find a Chern number hierarchy rule of the Floquet
flat bands in the (M+N)-layer TMG: (1) For s-TMG,
the valley Chern number is
Cτξζ = −ξζ [MΘ(ξτζ) +NΘ(−ξτζ)] , (4)
where Θ is the Heaviside function, ζ is the band index for
the conduction (ζ = +1) and valence (ζ = −1) band, τ
denotes the moire´ valley and ξ represents the polarization
of CPL as mentioned before. (2) For o-TMG,
Cτξζ = −ξζ [MΘ(ξτζ) +NΘ(−ξτζ)]− τ(N − 1). (5)
Equation (4) and (5) are summarized from our numerical
results (see the Table I). Interestingly, the total Chern
number of either conduction or valence band is −ξζ(M+
N), which is irrelevant to the stacking chirality. Another
rule of Chern number is about the total Chern number of
the conduction and valence bands in each moire´ valley.
In s-TMG, the sum of valley Chern number in a single
moire´ valley equals−τ(M−N), while for the o-TMG, it is
−τ(M+N−2). This rule is irrelative with polarization of
light, and origins from the fact that, within the parameter
5regime used in this article, the two central flat bands are
separated from other higher energy bands [8].
Summary.— In summary, we have studied the Floquet
flat bands in the TMG systems. We illustrate that CPL
can selectively produce a valley-polarized Floquet Chern
flat band with tunable large Chern number. It offers a
feasible way to manipulate the valley degree of freedom
of the moire´ flat bands, and thus opens new opportu-
nities to study valleytronics in moire´ flat band systems.
We predict that many of the valley-related phenomena
in TMG can be switched by CPL, e.g. optical controlled
orbital ferromagnetism. We reveal that CPL effects here
strongly rely on the stacking chirality of TMG, and we
also find a Chern number hierarchy rule for the Floquet
flat bands in TMG.
Note added. We note an independent theoretical work
discussing the Floquet engineering in twisted double bi-
layer graphene [63].
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